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A challenging issue in General Relativity concerns the determination of the manifestly-covariant
continuum Hamiltonian structure underlying the Einstein field equations and the related formula-
tion of the corresponding covariant Hamilton-Jacobi theory. The task is achieved by adopting a
synchronous variational principle requiring distinction between the prescribed deterministic metric
tensor ĝ(r) ≡ {ĝµν(r)} solution of the Einstein field equations which determines the geometry of
the background space-time and suitable variational fields x ≡ {g, pi} obeying an appropriate set
of continuum Hamilton equations, referred to here as GR-Hamilton equations. It is shown that a
prerequisite for reaching such a goal is that of casting the same equations in evolutionary form
by means of a Lagrangian parametrization for a suitably-reduced canonical state. As a result, the
corresponding Hamilton-Jacobi theory is established in manifestly-covariant form. Physical impli-
cations of the theory are discussed. These include the investigation of the structural stability of the
GR-Hamilton equations with respect to vacuum solutions of the Einstein equations, assuming that
wave-like perturbations are governed by the canonical evolution equations.
PACS numbers: 02.30.Xx, 04.20.Cv, 04.20.Fy, 11.10.Ef
1 - INTRODUCTION
This is the first paper of a two-part investigation dealing with the Hamiltonian theory of the gravitational field,
and more precisely, the one which is associated with the so-called Standard Formulation of General Relativity (SF-
GR) [1–4], i.e., the Einstein field equations. In the second paper the corresponding quantum formulation will be
presented. For this purpose, in the two papers new manifestly-covariant variational approaches are developed. The
two formulations will be referred to as theories of Covariant Classical and respectively Quantum Gravity (CCG/CQG)
or briefly CCG- and CQG-theory.
As shown below CCG-theory is built upon the results presented in Refs.[5, 6] about the variational formulation
of GR achieved in the context of a DeDonder-Weyl-type approach and the corresponding possible realization of
a super-dimensional and manifestly-covariant Hamiltonian theory. In particular, based on a suitable identification
of the effective kinetic energy and the related Hamiltonian density 4−scalars adopted in Ref.[6], the aim here is
to identify a reduced-dimensional continuum Hamiltonian structure of SF-GR, to be referred to here as Classical
Hamiltonian Structure (CHS). The crucial goal of the paper is to show that CHS can be associated with arbitrary
possible solutions of the Einstein field equations corresponding either to vacuum or non-vacuum conditions. In other
words, this means that the same Hamiltonian structure should occur for arbitrary external source terms which may
appear in the variational potential density.
Despite being intimately related to the one earlier considered in Ref.[6], the new Hamiltonian structure is achieved
in fact by means of the parametrization of the corresponding canonical state in terms of the proper-time determined
along arbitrary geodetics of the background metric field tensor. This feature turns out to be of paramount importance
for the establishment of the corresponding canonical transformation and covariant Hamilton-Jacobi theories. The CHS
determined in this way is shown to be realized by the ensemble {xR, HR} represented by an appropriate variational
canonical state xR = {g, pi}, with g and pi being suitably-identified tensor fields representing appropriate continuum
Lagrangian coordinates and conjugate momenta and HR a corresponding variational Hamiltonian density.
Its basic feature is that of being based, in analogy with Ref.[6], on the adoption of the synchronous Hamiltonian
variational principle for the variational formulation of GR. However, in difference to the same reference, new features
are added which, as we intend to show, are mandatory for the construction of the corresponding canonical transfor-
mation and Hamilton-Jacobi theories. In particular for this purpose, first, a reduced-dimensional representation is
introduced for the canonical momenta, which however leaves formally unchanged the corresponding variational Hamil-
2tonian density. Second, an appropriate parametrization by means of a suitably-defined proper time s is introduced so
that the resulting Euler-Lagrange equations are now realized by means of Hamilton equations in evolution form.
Accordingly, variational and prescribed tensor fields are introduced, with the prescribed ones being left invariant
by the synchronous variations and the variational fields. In particular, the same Hamilton equations may reduce
identically to the Einstein field equations, which are fulfilled by the prescribed fields, if suitable initial conditions are
set. This occurs provided the Poisson bracket of the Hamiltonian density is a local function, i.e., it does not depend
explicitly on proper time. In the realm of the classical theory the physical behavior of variational fields provide the
mathematical background for the establishment of a manifestly-covariant Hamiltonian theory of GR, and in particular
the CCG-theory realized here. When passing to the corresponding covariant quantum theory (i.e., in the present case
the CQG-theory to be developed in the subsequent paper) variational fields become quantum fields and inherit the
corresponding tensor transformation laws of classical fields. Thanks to its intrinsic consistency with the principles of
covariance and manifest covariance, the synchronous variational setting developed in Refs.[5, 6] provides at the same
time:
- the natural framework for a Hamiltonian theory of classical gravity which is consistent with SF-GR;
- the prerequisite for the establishment of a covariant quantum theory of gravitational field which is in turn consistent
with classical theory and SF-GR (see Ref.[7], hereon Part 2).
According to such an approach the 4−scalar, i.e., invariant, 4−volume element of the space-time (dΩ) entering
the action functional is considered independent of the functional class of variations, so that it must be defined in
terms of a prescribed metric tensor field ĝ (r), represented equivalently either in terms of its covariant or counter
variant component, i.e., either ĝ (r) ≡ {ĝµν (r)} or ĝ (r) ≡ {ĝµν (r)}. Here r ≡ {rµ} and ĝ (r) denote respectively
an arbitrary GR-frame parametrization and an arbitrary particular solution of the Einstein field equations. This
is obtained therefore upon identifying in the action functional dΩ ≡ d4r
√
− |ĝ|, with d4r being the corresponding
canonical measure expressed in terms of the said parametrization and |ĝ| denoting as usual the determinant of the
metric tensor ĝ (r). In the context of the synchronous variational principle to GR a further requirement is actually
included which demands that the prescribed field ĝµν(r) must determine, besides dΩ, also the geometric properties of
space-time. This means that ĝµν(r) should uniquely prescribe the tensor transformation laws of arbitrary tensor fields,
which may depend in principle, besides ĝµν(r), both on the variational state xR and the 4−position r ≡ {rµ}. This
requires in particular that ĝµν(r) and ĝ
µν(r) respectively lower and raise tensor indexes of the same tensor fields. In a
similar way ĝµν(r) uniquely determines also the standard Christoffel connections which enter both the Ricci tensor R̂µν
and the covariant derivatives of arbitrary variational tensor fields. Therefore, in the context of synchronous variational
principle to GR the approach known in the literature as ”background space-time picture” [8–10] is adopted, whereby
the background space-time
(
Q4, ĝ (r)
)
is considered defined “a priori” in terms of ĝµν(r), while leaving unconstrained
all the variational fields xR = {g, pi} and in particular the Lagrangian coordinates g (r) ≡ {gµν (r)}.
Indeed, consistent with Ref.[6], the physical interpretation which arises from CCG-theory exhibits a connection also
with the so-called induced gravity (or emergent gravity) [11, 12], namely the conjecture that the geometrical properties
of space-time should reveal themselves as a mean field description of microscopic stochastic or quantum degrees of
freedom underlying the classical solution. In the present approach this is achieved by introducing the prescribed
metric tensor ĝµν (r) in the Lagrangian and Hamiltonian action functionals, which is held constant in the variational
principles when performing synchronous variations and has to be distinguished from the variational field gµν (r). In
this picture, ĝµν (r) should arise as a macroscopic prescribed mean field emerging from a background of variational
fields gµν (r), all belonging to a suitable functional class. This permits to introduce a new representation for the action
functional in superabundant variables, depending both on gµν (r) and ĝµν (r). Such a feature, as explained above, is
found to be instrumental for the identification of the covariant Hamiltonian structure associated with the classical
gravitational field and provides a promising physical scenario where to develop a covariant quantum treatment of GR.
In this reference, one has to acknowledge the fact that the Hamiltonian description of classical systems is a manda-
tory conceptual prerequisite for achieving a corresponding quantum description [14, 15], i.e., in the case of continuum
systems, the related relativistic quantum field theory. This task involves the identification of the appropriate Hamil-
tonian representation of the continuum field, to be realized by means of the following steps:
Step #1: Establishment of underlying Lagrangian and Hamiltonian variational action principles.
Step #2: Construction of the corresponding Euler-Lagrange equations, realized respectively in terms of appropriate
continuum Lagrangian and Hamiltonian equations.
Step #3: Determination of the corresponding set of continuum canonical transformations and formulation of the
related Hamilton-Jacobi theory.
The proper realization of these steps remains crucial. In actual fact, the last target appears as a prerequisite of
foremost importance for being able to reach a consistent formulation of relativistic quantum field theory for General
Relativity, i.e., the so-called Quantum Gravity. The conclusion follows by analogy with Electrodynamics. In fact, as
3it emerges from the recent investigation concerning the axiomatic foundations of relativistic quantum field theory for
the radiation-reaction problem associated with classical relativistic extended charged particles (see Refs.[16–21]), it is
the Hamilton-Jacobi theory which naturally provides the formal axiomatic connection between classical and quantum
theory, to be established by means of a suitable realization of the quantum correspondence principle.
Prerequisite for reaching such goals in the context of relativistic quantum field theory is the establishment of a theory
fulfilling at all levels both the Einstein general covariance principle and the principle of manifest covariance. Such a
viewpoint is mandatory in order that the axiomatic construction method of SF-GR makes any sense at all [22]. Indeed,
in order that physical laws have an objective physical character they cannot depend on the choice of the GR reference
frame. This requisite can only be met provided all classical physical observables and the corresponding mathematical
relationships holding among them, i.e., the physical laws, can actually be expressed in tensorial form with respect to
the group of transformations indicated above. In the context of SF-GR the adoption of the same strategy requires
therefore the realization of Steps #1-#3 in manifest covariant form. As far as the actual identification of Steps
#1 and #2 for SF-GR is concerned, the candidate is represented by the variational theory reported in Refs.[5, 6].
The distinctive features of such a variational theory, which sets it apart from previous Hamiltonian formulations in
literature [23–28], lie in its consistency with the criteria indicated above and the DeDonder-Weyl classical field theory
approach [29–37].
Nevertheless well-known alternative approaches exist in the literature which are based on non-manifestly covariant
approaches. For the purpose of formal comparison let us briefly mention some of them, a detail analysis being left
to future developments. For definiteness, approaches can be considered which are built upon space-time foliations,
namely are based on so-called 3+1 and/or 2+2 splitting schemes. In fact, GR can be formulated in any GR-frame (i.e.,
coordinate system) by introducing a suitable local point transformation rµ → r′µ = fµ(r) leading to a decomposition
of this type. In particular, the 3+1 approach is convenient for purposes related, for example, to the definition of
conventional energy-momentum tensors, thermodynamic and kinetic values, and to provide corresponding methods of
quantization [38–40]. The latter are exemplified by the well-known approach developed by Arnowitt, Deser and Misner
(1959-1962 [41]), usually referred to as ADM theory in literature. The same theory is based on the introduction of the
so-called 3+1 decomposition of space-time which by construction is foliation dependent, in the sense that it relies on a
peculiar choice of a family of GR frames for which time and space transform separately so that space-time is effectively
split into the direct product of a 1-dimensional time and a 3-dimensional space subsets respectively (ADM-foliation)
[42]. Instead, different types of 2+2 splitting (or with double 3+1 and 2+2 splitting) are considered, for instance,
to find new classes of GR exact solutions [43–45], to develop the theory of geometric flows related to classical,
quantum gravity and geometric thermodynamics [46, 47], or to elaborate some approaches based on deformation
quantization of GR and modified gravity theories [48, 49]. In comparison with these approaches, the manifestly-
covariant Lagrangian and Hamiltonian formulations of GR reported in Refs.[5, 6] and developed below mainly differ
because, first, there is no introduction of foliation of space-time, so that the 4-tensor formalism is preserved at all
stages of investigation. Second, in contrast to the Hamiltonian theory of GR obtained from ADM decomposition [4],
both Lagrangian and Hamiltonian dynamical variables and canonical state are expressed in 4-tensor notation and
satisfy as well the manifest covariance principle. Third, in the context of CCG-theory the Hamiltonian flow associated
with the Hamiltonian structure {xR, HR} (see Eq.(4) below) is defined with respect to an invariant proper-time s,
and not a coordinate-time as in ADM theory. Finally, it must be stressed that, in such a context for the proper
implementation of the DeDonder-Weyl formalism, besides the customary 4-scalar curvature term of the Einstein-
Hilbert Lagrangian, 4−tensor (i.e., manifestly-covariant) momenta must be adopted in the action functional. This
property which can be fulfilled only adopting a synchronous variational principle is missing in the ADM Hamiltonian
theory, where field variables and conjugate momenta are identified only after performing the 3+1 foliation on the
Einstein-Hilbert Lagrangian of the associated asynchronous variational principle. Despite this difference the two
approaches are complementary in the sense that they exhibit distinctive physical properties associated with the two
canonical Hamiltonian structures underlying SF-GR (see again Ref.[6]).
Goals of the paper
Going beyond the considerations discussed above, the construction of CCG-theory involves a number of questions,
closely related to the continuum Hamiltonian theory reported in Ref.[6], which remain to be addressed. This involves
posing the following distinct goals:
• GOAL #1: Reduced continuum Hamiltonian theory for SF–GR - The search for a reduced-dimensional realiza-
tion of the continuum Hamiltonian theory for the Einstein field equations, which still satisfies the principle of
4manifest covariance. In fact, as a characteristic feature of the DeDonder-Weyl approach, in the Hamiltonian
theory given in Ref.[6] the canonical variables defining the canonical state have different tensorial orders, with
the momenta being realized by third-order 4−tensors. In contrast, the new approach to be envisaged here
should provide a realization of the canonical state xR ≡ {gµν , piµν} in which both generalized coordinates and
corresponding momenta have the same tensorial dimension and are represented by second-order 4−tensor fields.
• GOAL #2: Evolution form of the reduced continuum Hamilton equations - A further problem is whether the
same reduced continuum Hamilton equations can be given a causal evolution form, namely they can be cast
as canonical evolution equations. Since originally the continuum Hamilton equations are realized by PDE, this
means that some sort of Lagrangian representation should be determined. Hence, by introducing a suitable
Lagrangian Path (LP) parametrization of the canonical state xR ≡ {gµν , piµν} in terms of the proper-time asso-
ciated with the prescribed tensor field ĝµν(r) indicated above, the corresponding continuum canonical equations
are found to be realized by means of evolution equations advancing in proper time the canonical state. These
will be referred to as GR-Hamilton equations of CCG-theory: they generate the evolution of the corresponding
canonical fields by means of a suitable canonical flow.
• GOAL #3: Realization of manifestly-covariant continuum Hamilton-Jacobi theory - A related question which
arises involves, in particular, the determination of the canonical transformation which generates the flow cor-
responding to the continuum canonical evolution equations. This concerns, more precisely, the development of
a corresponding Hamilton-Jacobi theory applicable in the context of CCG-theory and the investigation of the
canonical transformation generated by the corresponding Hamilton principal function.
• GOAL #4: Global prescription and regularity properties of the corresponding GR-Lagrangian and Hamiltonian
densities. The Lagrangian and Hamiltonian formulations should be globally prescribed in the appropriate
phase-spaces. The global prescription should include also the validity of suitable regularity properties of the
corresponding Hamiltonian density HR.
• GOAL #5: Identification of the gauge properties of the classical GR-Lagrangian and Hamiltonian densities.
The related issue concerns the identification of the possible gauge indeterminacies, in terms of suitable gauge
functions, characterizing the Lagrangian and Hamiltonian densities.
• GOAL #6: Dimensionally-normalized form of CHS. In particular, the goal here is to show that a suitable
dimensional normalization of the Hamiltonian structure {xR, HR} can be reached so that the canonical momenta
acquire the physical dimensions of an action, a feature required for the establishment of a quantum theory of GR
in terms of Hamilton-Jacobi theory. More precisely this involves the construction of a non-symplectic canonical
transformation for the GR-Hamiltonian density HR. The issue is to show that this can be taken of the form:
gµν → gµν = gµν
piµν → piµν = αL
k
piµν
HR → HR ≡ TR + V = αLk HR
, (1)
where κ is the dimensional constant κ = c
3
16piG , L is a 4−scalar scale length to be defined, α is a suitable dimen-
sional 4−scalar, while TR, and V denote the corresponding transformed effective kinetic and potential densities
defining the transformed Hamiltonian density HR. Then the question arises whether α can be prescribed in
such a way that the transformed canonical momentum piµν has the dimensions of an action.
• GOAL #7: Structural stability of the GR-Hamilton equations of CCG-theory - The final issue concerns the
study of the structural stability which in the framework of CCG-theory the canonical equations exhibit with
respect to their stationary solutions, i.e., the solutions of the Einstein equations. In fact, depending on the
specific realization of CHS considered here, infinitesimal perturbations whose dynamics is governed by the said
canonical evolution equations may exhibit different stability behaviors, i.e., be stable/unstable or marginally
stable, with respect to arbitrary solutions of the Einstein field equations. For definiteness, the case of vacuum
solutions with a non-vanishing cosmological constant Λ is treated. It is shown that the stability analysis provides
a prescriptions for the gauge functions indicated above which characterize the GR-Hamiltonian density.
In view of these considerations and of the results already achieved in Refs.[5, 6], in this paper the attention will
be focused on the investigation of GOALS #1-#7. These topics, together with the continuum Lagrangian and
Hamiltonian theories proposed in Refs.[5, 6], have potential impact in the context of both classical and quantum
theories of General Relativity.
52 - EVOLUTION FORM OF HAMILTON EQUATIONS FOR SF-GR
In this section the problem of the determination of a reduced continuum Hamiltonian theory for GR is addressed
for a prescribed Hamiltonian system. This is represented by the CHS {xR, HR} which is formed by an appropriate
4−tensor canonical state xR and a suitable 4−scalar Hamiltonian density HR (xR, x̂R(r), r, s). In particular, the target
requires to find a realization of the variational canonical momentum in such a way that, in the corresponding reduced
canonical state, fields and reduced momenta form a couple of second-rank conjugate 4−tensors. The requisite is that
such a Hamiltonian theory should warrant the validity of the non-vacuum Einstein field equations to be achieved as
realizations of suitable reduced continuum Hamilton equations set in evolution form and referred to as GR-Hamilton
equations of CCG-theory. More precisely, these are realized by the initial-value problem represented by the canonical
equations: {
Dgµν(s)
Ds
= ∂HR(xR,x̂R(r),r,s)
∂piµν(s) ,
Dpiµν(s)
Ds
= −∂HR(xR,x̂R(r),r,s)
∂gµν (s) ,
(2)
and the initial conditions of the type {
gµν(so) ≡ g(o)µν (so),
piµν(so) ≡ pi(o)µν (so).
(3)
Then the solution of the initial-value problem (2)-(3) generates the Hamiltonian flow
xR(so)→ xR(s), (4)
which is associated with the Hamiltonian structure {xR, HR} . Here the notation is as follows. First, s denotes the
proper time prescribed along an arbitrary geodesic curve r(s) ≡ {rµ(s)}. This is associated with the prescribed metric
tensor ĝµν(r) of the background space-time. Second,
xR(s) ≡ {gµν(r(s)), piµν (r(s))} (5)
identifies the s−parametrized reduced-dimensional variational canonical state, with gµν(r) and piµν(r) being the cor-
responding continuum Lagrangian coordinates and the conjugate momenta, x̂R(s) ≡ {ĝµν(r(s)), piµν (r(s)) ≡ 0} being
the corresponding prescribed state and HR(xR, x̂R(r), r, s) the variational Hamiltonian 4−scalar density to be suitably
determined. Finally, D
Ds
is the covariant s−derivative
D
Ds
=
∂
∂s
+ tα(s)∇̂α, (6)
while tα(s) and ∇̂α are respectively the tangent 4−vector to the geodesics r(s) ≡ {rµ(s)} and the covariant derivative
evaluated at the same position in terms of the prescribed metric tensor ĝµν(r).
The GR-Hamilton equations are covariant with respect to arbitrary canonical transformations. This property
implies that the same equations are covariant with respect to an arbitrary local point transformation (LPT) which
leaves invariant a given space-time represented by the differential manifold of the type
(
Q4, ĝ(r)
)
, so that the General
Covariance Principle and the Principle of Manifest Covariance are necessarily both fulfilled by construction.
The realization of the evolution form of the GR-Hamilton equations represents a requirement for the construction
of a corresponding manifestly-covariant Hamilton-Jacobi theory of GR. The construction of these equations is based
on the following steps.
2A - Step #1: Prescription of the reduced-dimensional Hamiltonian density
In the first step the Hamiltonian density HR(xR, x̂R(r), r, s) is identified, extending the treatment given in Ref.[6].
In terms of the reduced canonical variables this yields
HR (x, x̂, r) ≡ TR (xR, x̂R) + V (g, x̂, r), (7)
where the effective kinetic and potential densities TR (xR, x̂R) and V (g, x̂, r, s) can be taken respectively of the general
form {
TR (xR, x̂R) ≡ 12κf(h)piµνpiµν ,
V (g, x̂, r, s) ≡ σVo (g, x̂) + σVF (g, x̂, r, s) . (8)
6Here f(h) and σ denote suitable multiplicative gauge functions which remain in principle still arbitrary at this point.
More precisely, f(h) identifies an “a priori” arbitrary non-vanishing and smoothly-differentiable real gauge function
depending on the variational weight-factor h =
(
2− 14gαβgαβ
)
introduced in Ref.[5] and prescribed in such a way that
f(ĝµν(r)) = 1. (9)
We anticipate here that the function f(h) will be shown in Part 2 to be identically f(h) = 1, as required by quantum
theory of GR. Furthermore, σ denotes the additional constant gauge function σ = ±1. Finally, in Eq.(8) the two
4−scalars
Vo (g, x̂) ≡ κh
[
gµνR̂µν − 2Λ
]
,
VF (g, x̂, r) ≡ hLF (g, x̂, r) ,
(10)
identify respectively the gravitational and external-field source contributions defined in Ref.[5], with LF being asso-
ciated with a non-vanishing stress-energy tensor.
2B - Step #2: Lagrangian path parametrization
In the second step we introduce the notion of Lagrangian path (LP) [14, 15]. For this purpose, preliminarily the
real 4−tensor tγ(ĝ(r), r) is introduced such that identically{
tα(ĝ(r), r)∇̂αtγ(ĝ(r), r) = 0,
ĝγδ(r)t
γ(ĝ(r), r)tδ(ĝ(r), r) = 1,
(11)
so that by construction tγ(ĝ(r), r) is tangent to an arbitrary geodetics belonging to an arbitrary 4−position r ≡ {rµ}
of the space-time
(
Q4, ĝ(r)
)
[2]. Then, the LP is identified with the geodetic curve
{rµ(s)} ≡ {rµ(s)| ∀s ∈ R, rµ(so) = rµo } , (12)
which is solution of the initial-value problem {
drµ(s)
ds
= tµ(s),
rµ(so) = r
µ
o .
(13)
Here the 4−scalar proper-time s is defined along the same curve {rµ(s)} so that ds2 = ĝµν(r)drµ(s)drν (s). Fur-
thermore, tµ(s) identifies the LP−parametrized 4−vector tµ(s) ≡ tµ(ĝ(r(s)), r(s)). In Eq.(13) d
ds
≡ ∂
∂s
identifies the
ordinary derivative with respect to s. In the following we shall denote as implicit s−dependences the dependences on
the proper time s appearing in the variational fields through the LP parametrization of the fields. In contrast, we
shall denote as explicit s-dependences the proper-time dependences which enter either explicitly on s itself or through
the dependence on r(s) ≡ {rµ(s)}.
Let us now introduce the parametrization obtained replacing everywhere, in all the relevant tensor fields, r ≡ {rµ}
with r(s) ≡ {rµ(s)}, namely obtained identifying
gµν(s) ≡ gµν(r(s)),
piµν(s) ≡ piµν(r(s)),
x̂(r) ≡ x̂(r(s)).
(14)
This yields for the Hamiltonian density HR the so-called LP-parametrization, in terms of which the reduced Hamilton
equations (2) can in turn be represented. In the remainder, for greater generality, such a representation shall be taken
of the form
HR(s) ≡ HR (xR(s), x̂R(r), r(s), s) , (15)
i.e., including also a possible explicit dependence in terms of the proper time s. Specific examples in which explicit
s−dependences may occur in the theory include:
1) Continuum canonical transformations and in particular canonical transformations generating local or nor local
point transformations (see Ref.[13]). In this case explicit s−dependences may arise in the transformed Hamiltonian
density due to explicit s−dependent generating functions.
2) Hamilton-Jacobi theory (see Section 3), where in a similar way the explicit s−dependence in the Hamiltonian
density may be generated by the canonical flow.
3) Stability theory for wave-like perturbations where explicit s−dependences may appear in the variational fields
xR = xR(s) (see Section 5).
72C - Step #3: The reduced Hamiltonian variational principle
Given these premises, in the context of CCG-theory the explicit construction of the GR-Hamilton equations (2)
follows in analogy with the extended Hamiltonian theory achieved in Ref.[6]. The goal also in the present case is
in fact the development of a manifestly-covariant variational approach, i.e., in which at all levels all variational
fields, including the canonical variables, the Hamiltonian density, as well as their synchronous variations and the
related Euler-Lagrange equations, are expressed in 4−tensor form. To this end in the framework of the synchronous
variational principle developed there - and in agreement with the DeDonder-Weyl approach - the variational functional
is identified with a real 4−scalar
SR (x, x̂) ≡
∫
dΩLR (x, x̂, r, s) , (16)
with LR (x, x̂, r, s) being the variational Lagrangian density
LR (x, x̂, r, s) ≡ piµν D
Ds
gµν −HR (x, x̂, r, s) . (17)
Thus, LR (x, x̂, r, s) is identified with the Legendre transform of the corresponding variational Hamiltonian density
HR (x, x̂, r, s) defined above, with piµν
D
Ds
gµν denoting the so-called exchange term. Then the variational principle
associated with the functional SR (x, x̂) is prescribed in terms of the synchronous-variation operator δ (i.e., identified
with the Frechet derivative according to Ref.[5]), i.e., by means of the synchronous variational principle
δSR (x, x̂) = 0 (18)
obtained keeping constant both the prescribed state x̂ and the 4−scalar volume element dΩ. This delivers the 4−tensor
Euler-Lagrange equations cast in symbolic form {
δSR(x,x̂)
δgµν
= 0,
δSR(x,x̂)
δpiµν
= 0,
(19)
which are manifestly equivalent to the Hamilton equations (2). These equations can be written in the equivalent
Poisson-bracket representation
D
Ds
xR(s) = [xR, HR (xR, x̂R(r), r, s)](xR) , (20)
with [, ](xR) denoting the Poisson bracket evaluated with respect to the canonical variables xR, namely
[xR, HR (xR, x̂R(r), r, s)](xR) =
∂xR
∂gµν
∂HR(s)
∂piµν
− ∂xR
∂piµν
∂HR(s)
∂gµν
. (21)
Then, after elementary algebra, the PDE’s (20) yield the GR-Hamilton equations in evolution form given above by
Eqs.(2). In particular, invoking Eqs.(8)-(10) it follows
∂V (g, x̂R(r), r, s)
∂gµν(s)
= σκh(s)R̂µν − σκgµν(s)1
2
(
gαβ(s)R̂αβ − 2Λ
)
− σκ8piG
c2
Tµν , (22)
where R̂µν ≡ R̂µν(s) and Tµν ≡ Tµν(s) denote the LP-parametrizations of the Ricci and stress-energy tensors. Hence,
in the case the gauge function f(h) is prescribed as f(h) = 1, the canonical equations (2) reduce to the single equivalent
Lagrangian evolution equation for the variational field gµν(s) in the LP-parametrization:
D
Ds
[
D
Ds
gµν(s)
]
+ σh(s)R̂µν − σgµν(s)1
2
[
gαβ(s)R̂αβ − 2Λ
]
− σ 8piG
c2
Tµν = 0. (23)
This concludes the proof that the GR-Hamilton equations (2), as well as the equivalent Lagrangian equation (23) are
- as expected - both variational.
82D - Step #4: Connection with Einstein field equations
The connection of the canonical equations (2) with the Einstein theory of GR can be obtained under the assumption
that the Hamiltonian density does not depend explicitly on proper time s, i.e., it is actually of the form
HR = HR (xR, x̂R(r), r) . (24)
In this case, one furthermore notices that the identities ĝµν(s)ĝ
µν(s) = δµµ and
D
Ds
ĝµν(s) ≡ 0 hold, so that by con-
struction piµν(s) ≡ 0 and hence the canonical equation for piµν(s) (or equivalently Eq.(23)) delivers for the prescribed
fields
R̂µν − ĝµν(s)1
2
[
ĝαβ(s)R̂αβ − 2Λ
]
=
8piG
c2
T̂µν , (25)
which coincides with the Einstein field equations. Therefore, in this framework the latter are obtained by looking for
a stationary solution of the GR-Hamilton equation (2), i.e., requiring the initial conditions{
gµν(so) ≡ ĝµν(so),
piµν(so) ≡ piµν(so) = 0, (26)
while requiring furthermore for all s ∈ I
piµν(s) = 0. (27)
Notice that, in principle, additional extrema may exist for the effective potential, i.e. such that ∂V (g,x̂R(r),r,s)
∂gµν(s) = 0.
One can show that this indeed happens, for example, in the case of vacuum, namely letting T̂µν ≡ 0. Thus, besides
gµν(s) ≡ ĝµν additional extrema include gµν(s) ≡ − 23 ĝµν and the case in which gµν(s) satisfies identically the
constraint equations h(s) = 0 and 1− 12gµν(s)ĝµν = 0. However, once the initial conditions (26) are set the stationary
solution is unique. The prerequisite for the existence of such a particular solution is, however, the validity of the
constraint condition (24), i.e., the requirement that the GR-Hamilton equations (2) are autonomous. Such a property
is non-trivial. In fact, it might be in principle violated if non-local effects are taken into account (see for example
Refs.[17, 21]). Analogous circumstance might arise due to possible quantum effects. The issue will be further discussed
in Part 2.
Finally, for completeness, we mention also the connection between the reduced Hamiltonian system {xR, HR}
defined according to Eqs.(5) and (7) and the representation given in Ref.[6] in terms of the ”extended” Hamiltonian
system {x,H} and based on the adoption of the ”extended” canonical state x ≡ {gµν ,Παµν}. More precisely, the
connection is obtained, first, by the prescription H = HR, and, second, upon identifying Π
α
µν = t
αpiµν . In fact it then
follows that piµν = tαΠ
α
µν , so that piµν (r) represents the projection of Π
α
µν (r) along the tangent vector tα(s) to the
background geodesic curve.
2E - Step #5: Alternative Hamiltonian structures
As indicated above, Eq.(22) together with the GR-Hamilton equations (2) provides the required connection with
the Einstein field equations. In practice this means that any suitably-smooth 4−scalar function such that
∂V (g, x̂R(r), r, s)
∂gµν(s)
∣∣∣∣
gµν (s)=ĝµν(s)
= σκR̂µν − σκĝµν(s)1
2
(
ĝαβ(s)R̂αβ − 2Λ
)
− σκ8piG
c2
Tµν = 0, (28)
realizes an admissible Hamiltonian structure of GR. The choice corresponding to Eqs.(8) with the functions Vo (g, x̂)
and VF (g, x̂, r) prescribed according to Eqs.(10) corresponds to the lowest-order polynomial representation (but still
non-linear, and thus non-trivial) in terms of the variational field gµν(s) for the variational Hamiltonian.
However, alternative possible realizations of the Hamiltonian structure {xR, HR} can be readily identified. In fact,
once the initial conditions (26) are set, alternative possible realizations of the GR-Hamilton equations (2), leading to
the correct realization of the Einstein field equations, can be achieved. These are obtained introducing a transformation
of the type 
gµν(s)→ gµν(s),
piµν(s)→ piµν(s)− (s− so)Pµν(x̂R),
V (g, x̂, r, s)→ V1 (g, x̂, r, s) + Uo (ĝ, x̂, s) .
(29)
9Notice that here the function Uo (ĝ, x̂, s) remains in principle arbitrary, so that it can always be determined so that
the extremal value of the potential density is preserved, namely V (ĝ, x̂, r, s) = V1 (ĝ, x̂, r, s) + Uo (ĝ, x̂, s). However,
piµν(s), Pµν(x̂R) and V1 (g, x̂, r, s) can always be determined so that:
1) the extremal momentum piµν(s) is prescribed so that
piµν(s) = (s− so)Pµν(x̂R); (30)
2) Pµν(x̂R) and V1 (g, x̂, r, s) are such that
∂V1 (g, x̂R(r), r, s)
∂gµν(s)
∣∣∣∣
gµν (s)=ĝµν(s)
− Pµν(x̂R) =
σκR̂µν − σκĝµν(s)1
2
(
R̂− 2Λ
)
− σκ8piG
c2
Tµν . (31)
Hence, a particular possible realization which leads to a functionally-different prescription of the potential density,
and hence of the same Hamiltonian structure, is provided, for example, by the setting V1 (g, x̂R(r), r, s) ≡ κhg
µνR̂µν + VF (g, x̂, r) ,
Uo (ĝ, x̂, s) = −2κΛ,
Pµν(x̂R) = −σκĝµν(s)Λ,
(32)
with VF (g, x̂, r) being given by Eq.(10). The present example means that the contribution of the cosmological constant
in the Einstein field equations can also be interpreted as arising due to a non-vanishing canonical momentum of the
form given by Eq.(30). Alternatively, a realization of the Einstein field equations with vanishing cosmological constant
(Λ ≡ 0) can be achieved in terms of the potential density V (g, x̂R(r), r, s) of the form given above by Eq.(10) while
setting at the same time
Pµν(x̂R) = σκĝµν(s)Λ, (33)
where now Λ can be interpreted as an arbitrary real 4−scalar.
From the previous considerations it follows, however, that if a solution of the type (30) is permitted the actual
identification of the variational potential density remains essentially undetermined. It is however obvious that once the
requirement Pµν(x̂R) ≡ 0, or equivalently the constraint condition introduced above (27) are set, the transformations
(29) reduce necessarily to the trivial one, namely
gµν(s)→ gµν(s),
piµν(s)→ piµν(s),
V (g, x̂, r, s)→ V1 (g, x̂, r, s) + Uo (ĝ, x̂, s) ,
(34)
which leaves unaffected the CHS. As a consequence, in validity of the constraint (27), the same Hamiltonian structure
remains uniquely determined.
3 - MANIFESTLY-COVARIANT HAMILTON-JACOBI THEORY
From the results established in the previous section, it follows that, thanks to the realization introduced here for
the GR-Hamilton equations of CCG-theory (i.e. Eqs.(2)), the same take the form of dynamical evolution equations.
This follows as a consequence of the parametrization in terms of the proper-time s adopted for all geodetics belonging
to the background space-time. This feature permits one to develop in a standard way, in close analogy with classical
Hamiltonian mechanics, the theory of canonical transformations. Given these premises, in this section the problem
of constructing a Hamilton-Jacobi theory of GR is addressed. Such a theory should describe a dynamical flow
connecting a generic phase-space state with a suitable initial phase-space state characterized by identically-vanishing
(i.e., stationary with respect to s) coordinate fields and momenta. In view of the similarity of the LP formalism
for GR with classical mechanics, it is expected that also in the present context the Hamilton-Jacobi theory follows
from constructing a symplectic canonical transformation associated with a mixed-variable generating function of type
S
(
gβγ, Pµν , x̂R, r, s
)
.
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Accordingly, the transformed canonical state XR ≡ {Gµν , Pµν} must satisfy the constraint equations
D
Ds
Pµν(so) = 0, (35)
D
Ds
Gµν(so) = 0, (36)
which imply the Hamilton equations
0 =
[
Pµν ,KR
(
XR, X̂R, r, s
)]
(XR)
, (37)
0 =
[
Gµν ,KR
(
XR, X̂R, r, s
)]
(XR)
, (38)
where KR
(
XR, X̂R, r, s
)
is the transformed Hamiltonian given by
KR
(
XR, X̂R, r
)
= HR (xR, x̂R, r, s) +
∂
∂s
S
(
gβγ , Pµν , x̂R, r, s
)
. (39)
Thanks to Eqs.(37) and (38), the transformed Hamiltonian is necessarily independent of XR. As a consequence, KR
identifies an arbitrary gauge function, i.e., in actual fact KR = KR (x̂R, r), which can always be set equal to zero
(KR = 0). On the other hand, canonical transformation theory requires that it must be
piιξ =
∂S
(
gβγ , Pµν , x̂R, r, s
)
∂gιξ
, (40)
Gιξ =
∂S
(
gβγ , Pµν , x̂R, r, s
)
∂Pιξ
. (41)
Then, introducing the s−parametrization it follows that Eq.(39) delivers
HR
(
gβγ,
∂S
(
gβγ, Pµν , x̂R, s
)
∂gιξ
, x̂R, r, s
)
+
∂
∂s
S
(
gβγ , Pµν , x̂R, r, s
)
= 0, (42)
which realizes the GR-Hamilton-Jacobi equation for the mixed-variable generating function S
(
gβγ , Pµν , x̂R, r, s
)
. Due
to its similarity with the customary Hamilton-Jacobi equation well-known in Hamiltonian classical dynamics, in the
following S will be referred to as the (classical) GR-Hamilton principal function. The canonical transformations
generated by S
(
gβγ , Pµν , x̂R, s
)
are then obtained by the set of equations (40), (41) and (42).
Now we notice, in view of the discussions given above, that the inverse canonical transformation XR → xR locally
exists provided the invertibility condition on the Hessian determinant det
∣∣∣∣∣
[
∂2S(gβγ ,Pµν ,x̂R,r,s)
∂gρσ∂Pιξ
]
XR=x̂R
∣∣∣∣∣ 6= 0 is met.
Under such a condition the direct canonical equation (41) determines gβγ as an implicit function of the form gβγ =
gβγ
(
Gβγ , Pµν , x̂R, r, s
)
.
The following statement holds on the relationship between the GR-Hamilton-Jacobi and the GR-Hamilton equations.
THM.1 - Equivalence of GR-Hamilton and GR-Hamilton-Jacobi equations
The GR-Hamilton-Jacobi equation (42) subject to the constraint (40) is equivalent to the set of GR-Hamilton
equations expressed in terms of the initial canonical variables, as given by Eqs.(2).
Proof - Without loss of generality and avoiding possible misunderstandings, the compact notation S (g, P, x̂R, r, s)
will be used in the following proof to denote the GR-Hamilton principal function. To start with, we evaluate first the
partial derivative of Eq.(42) with respect to gik, keeping both ∂S(g,P,x̂R,r,s)
∂gιξ
and rµ constant. This gives
∂
∂gik
HR
(
gβγ ,
∂S (g, P, x̂R, s)
∂gιξ
, x̂R, r, s
)
+
∂
∂s
[
∂
∂gik
S (g, P, x̂R, r, s)
]
(g,P )
= 0. (43)
Then, let us evaluate in a similar manner the partial derivative with respect to ∂S(g,P,x̂R,s)
∂gik
, keeping gµν and rµ
constant. This gives
∂
∂ ∂S(g,P,x̂R,r,s)
∂gik
HR
(
gβγ,
∂S (g, P, x̂R, s)
∂gιξ
, x̂R, r, s
)
+
[
∂
∂ ∂S(g,P,x̂R,r,s)
∂gik
∂
∂s
S (g, P, x̂R, r, s)
]
(g,P )
= 0. (44)
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With the identification piιξ =
∂S(g,P,x̂R,s)
∂gιξ
provided by Eq.(40) it follows that Eq.(43) becomes
∂
∂gik
HR
(
gβγ , piιξ, x̂R, r
)
+
D
Ds
piik = 0, (45)
which coincides with the second Hamilton equation in (2). To prove also the validity of the Hamilton equation for
gβγ we first invoke the following identity[
∂
∂ ∂S(g,P,x̂R,s)
∂gik
∂
∂s
S (g, P, x̂R, s)
]
(g,P )
=
∂
∂ ∂S(g,P,x̂R,s)
∂gik
∂
∂s
S (g, P, x̂R, s)
− D
Ds
gβγ
∂
∂ ∂S(g,P,x̂R,s)
∂gik
∂S (g, P, x̂R, s)
∂gβγ
, (46)
where
∂
∂ ∂S(g,P,x̂R,r,s)
∂gik
∂S (g, P, x̂R, r, s)
∂gβγ
= δiβδ
k
γ . (47)
The first term on the rhs of Eq.(46) vanishes identically because ∂
∂s
S (g, P, x̂R, r, s) must be considered as independent
of piik. Therefore, Eq.(44) gives
∂
∂piik
HR
(
gβγ , piιξ, x̂R, r, s
)− D
Ds
gik = 0, (48)
which coincides with the Hamilton equation for gik and gives also the relationship of the generalized velocity D
Ds
gik
with the canonical momentum, since here no explicit s−dependence appears. This proves the equivalence between
the GR-Hamilton-Jacobi and GR-Hamilton equations, both expressed in manifestly-covariant form. Q.E.D.
This conclusion recovers the relationship between Hamilton and Hamilton-Jacobi equations holding in Hamiltonian
Classical Mechanics for discrete dynamical systems. The connection is established also in the present case for the
continuum gravitational field thanks to the manifestly-covariant LP parametrization of the theory and the representa-
tion of the Hamiltonian and Hamilton-Jacobi equations as dynamical evolution equations with respect to the proper
time s characterizing background geodetics. The physical interpretation which follows from the validity of THM.1 is
remarkable. This concerns the meaning of the Hamilton-Jacobi theory in providing a wave mechanics description of
the continuum Hamiltonian dynamics. This follows also in the present context by comparing the mathematical struc-
ture of the Hamilton-Jacobi equation (42) with the well-known eikonal equation of geometrical optics. In fact Eq.(42)
contains the squared of the derivative
∂S(gβγ ,Pµν ,x̂R,r,s)
∂gιξ
, so that the Hamilton principal function S
(
gβγ , Pµν , x̂R, r, s
)
is associated with the eikonal (i.e., the phase of the wave), while the remaining contributions due to the geometri-
cal and physical properties of the curved space-time formally play the role of a non-uniform index of refraction in
geometrical optics [50]. The outcome pointed out here proves that the dynamics of the field gµν(s) in the virtual
domain of variational fields where the Hamiltonian structure is defined and the Hamilton-Jacobi theory (42) applies
must be characterized by a wave-like behavior and can therefore be given a geometrical optics interpretation. This
feature is expected to be crucial for the establishment of the corresponding manifestly-covariant quantum theory of
the gravitational field.
An important qualitative feature must be pointed out regarding the Hamilton-Jacobi theory developed here. This
refers to a formal difference arising between the Hamilton-Jacobi theory for continuum fields built on the DeDonder-
Weyl covariant approach and the Hamilton-Jacobi theory holding in classical mechanics for particle dynamics. This
concerns, more precisely, the dimensional units to be adopted for the Hamilton principal function S and hence also
the canonical momentum piµν . Indeed, as is well-known, in particle dynamics S retains the dimension of an action
(and therefore of the action functional), so that [S] = [~]. In the present case instead (see Eq.(7)) one has that
[S] =
[
~L−3
]
, namely the dimension of S differs from that of an action by the cubic length L−3. This arises because
for continuum fields the action functional is an integral over the 4−volume element of the Hamiltonian density, while
for particle mechanics it is expressed as a line integral over the proper-time length. One has to notice, however, that,
first, the dimensions of S may be changed by the introduction of a non-symplectic canonical transformation. This
means that, by suitable choice of the same transformation, S can actually recover the dimension of an action. Second,
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the relationship between the Hamilton principal function S and the Hamiltonian function itself remains in all cases
the same, with the two functions differing by the dimension of a length (see also Section 4 below).
Before concluding, the following additional remarks are in order:
1) The GR-Hamilton-Jacobi description permits to construct explicitly canonical transformations mapping in each
other the physical and virtual domains. The generating function determined by the GR-Hamilton-Jacobi equation is
a real 4−scalar field.
2) The generating function obtained in this way realizes the particular subset of canonical transformations which
map the physically-observable state x̂R into a neighboring admissible virtual canonical state xR.
3) The virtue of the approach is that it preserves the validity of the Einstein equation in the physical domain. In
other words, the canonical transformations do not affect the physical behavior.
4) A further issue concerns the connection between the same prescribed metric tensor ĝ(r) ≡ {ĝµν(r)} and the
variational/extremal state xR(s) = {g(s), pi(s)}. This can be obtained by establishing a proper statistical theory
achieved by considering the initial state
xR(so) = x̂(so) + δxR(so) (49)
as a stochastic tensor and thus endowed with a suitable phase-space probability density. The topic can be developed
in the framework of a statistical description of classical gravity to be discussed elsewhere in detail.
4 - PROPERTIES OF CHS
In this section some properties are discussed which characterize the manifestly-covariant Hamiltonian theory of GR.
4A - Global prescription and regularity
This refers, first of all, to the global prescription and regularity of the GR-Lagrangian and GR-Hamiltonian densities
LR ≡ LR(y, ĝ, r, s) and HR ≡ HR(x, ĝ, r, s) defined according to Eqs.(17) and (7) which are associated with the
corresponding Hamiltonian structure {xR, HR} indicated above. For this purpose we notice that in Eq.(17) the
effective kinetic and potential densities expressed in terms of the Lagrangian state y =
{
gµν ,
D
Ds
gµν
}
and the LP-
parametrization (20) can be taken of the general type{
TR (y, ĝ) =
f(h)
2κ
D
Ds
gµν
D
Ds
gµν ,
V (g, ĝ, r, s) ≡ σVo (g, ĝ) + σVF (g, ĝ, r, s) . (50)
Here, f(h) and σ identify the two distinct multiplicative gauge functions introduced above (see Section 2), κ is the
dimensional constant κ = c
3
16piG , while the rest of the notations is expressed in standard form according to Refs.[5, 6].
More precisely, in the second equation Vo (g, ĝ) and VF (g, ĝ, r, s) ≡ hLF (g, ĝ, r, s) are defined as in Eq.(10) and
must be expressed here in Lagrangian variables, with the field Lagrangian LF (g, ĝ, r, s) being prescribed according to
Ref.[5]. Furthermore, TR (y, ĝ) identifies the generic form of the effective kinetic density. It follows that a sufficient
condition for the global prescription of the canonical state, i.e., the existence of a smooth bijection connecting the
Lagrangian and Hamiltonian states is the so-called regularity condition of the GR-Hamiltonian (and corresponding
GR-Lagrangian) density. This requires more precisely that in the whole Hamiltonian phase-space∣∣∣∣ ∂2HR∂piµν∂piαβ
∣∣∣∣ ≡ ∣∣∣∣ ∂2TR∂piµν∂piαβ
∣∣∣∣ = 1κf(h) 6= 0. (51)
4B - Gauge indeterminacies of CHS
As shown in Ref.[6] at the classical level the Hamiltonian structure {xR, HR} of SF-GR remains intrinsically non-
unique, with the Hamiltonian density HR being characterized by suitable gauge indeterminacies. Leaving aside the
treatment of additive gauge functions earlier discussed in Refs.[5, 6], these refer more precisely to the following
properties:
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• A) The first one is the so-called multiplicative gauge transformation of the effective kinetic density. To identify
it we notice that the scalar factor f(h) appearing in the prescriptions of the effective kinetic density (see first
equation in (50)) remains in principle essentially indeterminate. In fact the regularity condition (51) requires
only that ∣∣∣∣ ∂2TR∂piµν∂piαβ
∣∣∣∣ = 1κf(h) 6= 0, (52)
implying that the function f(h) can be realized by an arbitrary non-vanishing (for example, strictly positive)
and suitably smooth dimensionless real function. In addition, in order that both TR (y, ĝ) and V (y, ĝ) (see again
Eqs.(50)) are realized by means of integrable functions in the configurations space Ug, accordingly the functions
f(h) and 1/f(h) should be summable too. As a consequence the prescription of f(h) remains in principle still
free within the classical theory of SF-GR developed in Section 2. This means that f(h) should be intended
in such a context as a gauge indeterminacy affecting the Hamiltonian density HR, i.e., with respect to the
multiplicative gauge transformation{
TR (xR, ĝ) ≡ 12κpiµνpiµν → T ′R (xR, ĝ) ≡ 12κf(h)pi′µνpi′µν = 1f(h)TR (xR, ĝ) ,
piµν → pi′µν = f(h)piµν .
(53)
• B) The second indeterminacy is related to the so-called multiplicative gauge transformation of the effective
potential density V (g, ĝ, r, s) (see again Section 2). More precisely the indeterminacy is related to the constant
gauge factor σ = ±1.
• C) The third indeterminacy is related to the so-called additive gauge transformation. Indeed, one can readily
show (see Ref.[6]) that LR(y, ĝ, s) is prescribed up to an arbitrary additive gauge transformation of the type
LR(y, ĝ, r, s)→ LR(y, ĝ, r, s) + ∆V (54)
being ∆V a gauge scalar field of the form ∆V = DF (g,ĝ,r,s)
Ds
, with F (g, ĝ, s) being an arbitrary, suitably-smooth
real gauge function of class C(2) with respect to the variables (g, s) (see also related discussion in Ref.[5]).
4C - Dimensional normalization of CHS
In this section it is shown that the Hamiltonian structure {xR, HR} can be equivalently realized in such a way that
xR, and consequently also HR, can be suitably normalized, i.e., so that to achieve prescribed physical dimensions.
Granted the non-symplectic canonical nature of the transformation indicated above (i.e., Eq.(1)) one can always
identify the 4−scalar α with a classical invariant parameter, i.e., both frame-independent and space-time independent.
In particular, in the framework of a classical treatment it should be identified with the classical parameter α ≡
αClassical, being
αClassical = mocL > 0, (55)
with c being the speed of light in vacuum, mo a suitable rest-mass (to be later identified with the non-vanishing
graviton mass in the framework of quantum theory of GR) and L a characteristic scale length to be considered as an
invariant non-null 4−scalar. Without loss of generality this can always be assumed of the form
L = L(mo), (56)
with mo itself being regarded as an invariant 4−scalar. Here L is regarded as a classical invariant parameter, so that
it should remain independent of all quantum parameters, i.e., in particular ℏ. In addition, in view of the covariance
property of the theory, whereby the choice of the background space-time
(
Q4, ĝ(r)
)
is in principle arbitrary, the
4−scalars mo and L should be universal constants, namely also invariant with respect to the action of local and
non-local point transformations [13]. As an example, a possible consistent choice for the invariant function L(mo) is
realized by means of the so-called Schwarzschild radius, i.e.,
L(mo) =
2moG
c2
. (57)
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The invariant rest-mass mo remains however still arbitrary at this level, its prescription being left to quantum theory.
It follows that the transformed GR-Hamilton equations (2) can always be cast in the dimensional normalized form{
Dgµν
Ds
= ∂HR
∂piµν
≡ ∂HR
∂piµν
,
Dpiµν
Ds
= −∂HR
∂gµν
≡ −αL
k
∂HR
∂gµν
,
(58)
where the transformed Hamiltonian HR identifies the normalized GR-Hamiltonian density
HR(xR, ĝ, r, s) =
1
f(h)
TR(xR, ĝ, r, s) + V (g, ĝ, r, s) . (59)
Here the notation is as follows. First, for an arbitrary curved space-time (Q4, ĝ(r)) the functions TR and V now are
identified with {
TR(xR, ĝ, r, s) =
piµνpiµν
2αL ,
V (g, ĝ, r, s) ≡ σV o (g, ĝ, r, s) + σV F (g, ĝ, r, s) ,
(60)
so that TR(xR, ĝ, r, s) identifies the normalized effective kinetic density and V by analogy is the corresponding nor-
malized effective potential density, with V o (g, ĝ) and V F (g, ĝ, r, s) now being prescribed respectively in terms of
Vo (g, ĝ) and VF (g, ĝ, r, s) as {
V o (g, ĝ) ≡ hαL
[
gµνR̂µν − 2Λ
]
,
VF (g, ĝ, r, s) ≡ hαL2k LF (g, ĝ, r, s) .
(61)
From the canonical equations (58) it is obvious that by construction the transformed canonical momentum piµν takes
the dimensions of an action, i.e., [piµν ] = [ℏ]. The set
{
xR, HR
}
thus provides an admissible representation of CHS.
In particular it follows that the GR-Hamilton equations in normalized form become respectively{
Dgµν
Ds
=
piµν
αL
,
Dpiµν
Ds
= −∂V (g,ĝ,r,s)
∂gµν
,
(62)
with the operator D/Ds being prescribed again in terms of the corresponding prescribed metric tensors ĝµν(r).
For completeness, we mention here also the normalized Hamilton-Jacobi equation corresponding to the canonical
equations (62). This is reached introducing the corresponding normalized Hamilton principal function S(g, P, ĝ, r, s),
i.e., the mixed-variable generating function for the canonical transformation
xR(so) ≡ (Gµν ,Pµν)⇔ x(s) ≡ (gµν(s), piµν(s)), (63)
with xR(so) ≡ (Gµν ,Pµν) denoting the initial canonical GR-state. Then, S(g,P, ĝ, r, s) is prescribed in such a way
that the normalized canonical momentum piµν(s) is given by piµν =
∂S(g,P,ĝ,r,s)
∂gµν
, while the initial canonical coordinate
Gµν is determined by the inverse canonical transformation Gµν =
∂S(g,P,ĝ,r,s)
∂Pµν
. It follows that the corresponding
dimensionally-normalized Hamilton-Jacobi equation which is equivalent to Eqs.(62) is provided by
∂S(g,P, ĝ, r, s)
∂s
+HR
(
g, pi ≡ ∂S(g,P, ĝ, r, s)
∂g
, ĝ, r, s
)
= 0, (64)
with HR being prescribed by Eqs.(59).
5 - STRUCTURAL STABILITY OF THE GR-HAMILTON EQUATIONS
In this section we present an application of the GR-Hamiltonian theory for the Einstein field equations developed
in this paper, which is represented by Eqs.(2) or equivalently by the Hamilton-Jacobi equation (42). This refers
to the stability of the GR-Hamilton equations with respect to their stationary solution. As shown above the latter
realizes by construction a solution of the Einstein field equations (25) in its most general form, i.e., in the presence
of arbitrary external sources. Therefore the task to be addressed concerns the so-called structural stability of the
GR-Hamilton equations (with respect to the Einstein field equations), namely the stability of stationary solutions of
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the GR-Hamilton equations assuming that the perturbed fields realize particular solutions of the same GR-Hamilton
equations.
As a first illustration of the problem, here we consider the case of arbitrary vacuum solutions realized by setting
a vanishing stress-energy tensor (T̂µν = 0) and possibly retaining also a non-vanishing cosmological constant as
corresponds to de Sitter (Λ > 0) or anti-de Sitter (Λ < 0) space-times.
Let us address the problem in the context of the reduced continuum manifestly-covariant Hamiltonian theory.
The study is supported by the conclusions concerning the wave mechanics interpretation of the reduced continuum
Hamiltonian dynamics of the gravitational field determined by the Hamilton-Jacobi theory. For this purpose we shall
consider perturbations of the reduced canonical state xR(s) which are suitably close to x̂R(s), namely of the form
gµν(s) = ĝµν(s) + εδgµν(s), (65)
piµν(s) = εδpiµν(s), (66)
where ε ≪ 1 is an infinitesimal dimensionless parameter identifying the perturbations of the canonical fields. In
particular, consistent with the existence of a Hamilton-Jacobi theory and its physical interpretation pointed out
above, we are authorized to consider a wave-like form of the perturbations. These are assumed to propagate along
field geodetics, namely the same perturbations of the canonical fields (δgµν(s), δpiµν(s)) are taken of the form
δgµν(s) = δĝµν(ĝ(s)) exp {G(s)} , (67)
δpiµν(s) = δpiµν(ĝ(s)) exp {G(s)} . (68)
Here G(s) denotes the eikonal
G(s) = i
ω
c
s− iKrµ(s)tµ(s), (69)
with ω and K being 4−scalar parameters which, by construction, have respectively the dimensions of a frequency and
that of a wave number (i.e., the inverse of a length). Therefore, denoting K ≡ 1/λ, according to the representation
(69), ω and λ identify the invariant frequency and wave-length of the wave-like perturbations of the canonical fields.
The invariant character of ω and λ is a characteristic feature of the manifestly-covariant Hamiltonian theory.
It is then immediate to show that, in terms of the canonical evolution equations (20), the following set of linear
differential equations advancing in proper time the perturbed fields δgµν(s) and δpiµν(s) and accurate through O (ε)
is obtained thanks also to the requirement (9):
D
Ds
δgµν(s) =
1
κ
δpiµν(s), (70)
D
Ds
δpiµν (s) =
σ
2
κ
(
R̂+ 2Λ
)
δgµν (s) +
σ
2
κ
(
ĝµν(s)R̂αβ + R̂µν ĝαβ(s)
)
δgαβ . (71)
In particular, introducing the representation (69) and recalling the definition of the differential operator D
Ds
, the
first equation yields a unique relationship between δpiµν(s) and δgµν(s), namely δpiµν(s) = iκ
[
ω
c
−K] δgµν(s). Then,
Eq.(71) determines the algebraic linear equation for δgµν (s):(
−κ
[ω
c
−K
]2
− σ
2
κ
[
R̂+ 2Λ
])
δgµν(s) =
σκ
2
(
ĝµν(s)R̂αβ + R̂µν ĝαβ(s)
)
δgαβ (s) . (72)
To solve it explicitly one needs to determine the corresponding algebraic equations holding for the independent tensor
products ĝµν(s)δg
αβR̂αβ and ĝαβ(s)δg
αβR̂µν appearing on the rhs of the same equation. Thus, by first multiplying
tensorially term by term Eq.(72) by R̂µν it follows(
−
[ω
c
−K
]2
− σ
[
R̂+ Λ
])
R̂µνδgµν (s) =
σ
2
R̂µνR̂
µν ĝαβ(s)δg
αβ (s) . (73)
Next, multiplying tensorially term by term Eq.(72) by ĝµν (s) one obtains instead(
−
[ω
c
−K
]2
− σ
[
R̂+ Λ
])
ĝµν (s) δgµν (s) = 2σR̂αβδg
αβ (s) . (74)
Combining together equations (73) and (74) one is finally left with the equation(
−
[ω
c
−K
]2
− σ
[
R̂+ Λ
])2
− R̂µνR̂µν = 0, (75)
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which identifies the dispersion relation between ω andK, i.e., the condition under which in the context for the reduced
continuum Hamiltonian theory the infinitesimal perturbations (67) and (68) can occur.
To analyze in terms of Eq.(75) the conditions for the existence of stable, marginally stable or unstable oscillatory
solutions for the canonical fields (δgµν(s), δpiµν (s)), it is convenient to classify the possible complex roots for ω which
can locally occur. Such a classification has therefore necessarily a local character. More precisely, single roots of
this equation such that locally a) Im(ω) < 0, b) Im(ω) = 0 or c) Im(ω) > 0 will be referred to as (locally) stable,
marginally stable and unstable respectively. Correspondingly, the perturbation (δgµν(s), δpiµν(s)) will be classified
to be locally a) decaying, b) oscillatory; c) growing. Therefore, the equilibrium solution ĝ(r) will be denoted as a)
locally stable, b) locally marginally stable and c) locally unstable respectively if:
a) all roots of ω are locally stable: namely for them Im(ω) < 0;
b) there is at least one root of ω which is locally marginally stable, namely such that Im(ω) = 0;
c) there is at least one locally unstable root of ω, namely such that Im(ω) > 0.
To investigate the stability problem we consider the vacuum configuration in which Tµν ≡ 0, but still Λ 6= 0, so
that R̂µν = Λĝµν and R̂ = 4Λ is the constant Ricci scalar. Then Eq.(75) yields the dispersion relation in the explicit
form (
−
[ω
c
−K
]2
− 5σΛ
)2
− 4 (−σΛ)2 = 0, (76)
which delivers the roots
ω
c
−K =
{ ±√−7σΛ
±√−3σΛ . (77)
Therefore, two possible alternatives can be distinguished in which respectively:
A) First case: −σΛ ≥ 0. Then the equilibrium solution ĝ(r) is marginally stable since all roots of the dispersion
relation (76) have vanishing imaginary part.
B) Second case: −σΛ < 0. Then ĝ(r) is necessarily unstable (there exists always an unstable root of the same
equation (76)).
Hence, both for the case of de Sitter and anti-de Sitter space times (Λ respectively > 0 or < 0) the possible
occurrence of stability or instability depends on the multiplicative gauge parameter σ appearing in the definition of
the effective potential density V (see the second equation given above in (60)). However, a physically-admissible
Hamiltonian theory of GR should predict stable solutions, i.e., which are structurally stable in the sense indicated
above. This should occur in principle not just for special realizations of the background space-time but - at least
in the case of vacuum - for arbitrary vacuum background space-times
(
Q4, ĝ(r)
)
. In particular, if Λ > 0 - as most
frequently invoked in the literature (see for example [51, 52]) - this happens provided the gauge factor σ is uniquely
identified with σ = −1. Although the rigorous validity of such a choice still remains a mere conjecture at this point,
its full justification should ultimately emerge from quantum theory. Nevertheless, the stability property pointed out
here can be viewed as prerequisite for the consistent development of a covariant quantum gravity theory. For this
reason the issue will be further discussed in Part 2.
6 - CONCLUSIONS
A common fundamental theoretical aspect laying at the foundation of both General Relativity (GR) and classical
field theory is the variational character of the fundamental dynamical laws which identify these disciplines. This
concerns both the representation of the Einstein field equations and the covariant dynamics of classical fields as
well as of discrete (e.g., test particles) or continuum systems in curved space-time. Issues related to the variational
formulation of the Einstein equations have been treated in Refs.[5, 6], where the existence of a new type of Lagrangian
and Hamiltonian variational approaches has been identified in terms of synchronous variational principles realized in
the framework of the DeDonder-Weyl formalism. As shown in Ref.[6], this leads to the realization of a manifestly
covariant Hamiltonian theory for the Einstein equations.
In this paper new aspects of the Hamiltonian structure of GR have been displayed which is referred to here as
CCG-theory.
In particular, we have shown that a reduced-dimensional realization of the continuum Hamiltonian theory for the
Einstein field equations, denoted here as CHS (Classical Hamiltonian Structure of GR), actually exists in which
both generalized coordinates and corresponding conjugate momenta are realized by means of 2nd-order 4−tensors.
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The virtue of such an approach lies precisely in its general validity. This means in fact that the same Hamiltonian
structure holds for arbitrary particular solutions of the Einstein field equations and arbitrary realizations of the
external source terms appearing in the variational potential density. As a result, a causal form has been obtained for
the corresponding continuum Hamilton equations by introducing a suitable Lagrangian parametrization prescribed
in terms of the proper-time s defined along field geodetics of the curved space-time. As a result, the same equations
are cast in the equivalent form of an initial-value problem for suitable canonical evolution equations, referred to here
as GR-Hamilton equations. This provides a physical interpretation for the reduced Hamiltonian theory, according to
which an arbitrary initial canonical state is dynamically advanced by means of the canonical flow generated by the
same Hamilton equations.
Given validity to such Hamiltonian theory, the case of canonical transformations which generate the flow corre-
sponding to the continuum canonical equations has been considered. This has been obtained by introducing the
appropriate mixed-variable generating function - the so-called Hamilton principal function - and by developing the
corresponding Hamilton-Jacobi theory in manifestly-covariant form. As a result, the same generating function has
been shown to obey a 4−scalar continuum Hamilton-Jacobi equation which has been proved to be equivalent to the
corresponding canonical evolution equations of the Hamiltonian theory. The global prescription and regularity of
the Hamiltonian structure have been analyzed and the gauge transformation properties of the reduced Hamiltonian
density HR have been pointed out.
Finally, as an application of the Hamiltonian formulation developed here, the structural stability of the Hamiltonian
theory has been investigated, a feature which is required for a consistent development of a corresponding quantum
theory of GR based on the same canonical representation. In this paper we have studied the stability of perturbed
fields which realize particular solutions of the GR-Hamilton equations with respect to stationary solutions, i.e., metric
tensor solutions of the Einstein field equations. The case of background vacuum solutions having vanishing stress-
energy tensor and non-null cosmological constant has been analyzed, determining the conditions for the occurrence
of stable and unstable roots, adopting an eikonal representation for the perturbed fields.
These conclusions highlight the major key features of the reduced Hamiltonian theory and corresponding Hamilton-
Jacobi equation determined here. The new theory, besides being a mandatory prerequisite for the covariant theory of
quantum gravity to be established in Part 2, is believed to be susceptible of applications to physics and astrophysics-
related problems and to provide at the same time new insight in the axiomatic foundations of General Relativity.
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